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Abstract: In this paper I have obtained the generating functions up to third order
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generating functions of several sequences as particular cases.
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1. Introduction

Many authors [1, 3] generalized sequences differently. In [2] Goksal Bilgici
defined generalized sequences {f,}>°, and {l,}°°,. We can write [,, after some
modification as follows:

lp = 2al,_1 — (a* — b)l,_s n>2 (1.1)

where [y = 2, [} = 2a.

15 19
Clearly, for (a,b) = (

274)7\ 274
sical Lucas, Jacobsthal-Lucas and Pell-Lucas sequences, respectively. In this note
I have obtained the generating functions up to third order of generalized sequence
and hence find

1. Generating functions up to third order of Lucas sequence.

2. Generating functions up to third order of Jacobsthal-Lucas sequence.

) , (1,2) the sequence {l,}>2 , reduces the Clas-
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3. Generating functions up to third order of Pell-Lucas sequence.
The {l,,} can also be expressed by the closed form formula.
a — Bn
l, = 1.2
— (12)
where o and 8 are the roots of equation z? — 2ax + (a* — b) = 0.
So that

a=a+Vb and B=a— Vb (1.3)

This gives
a+B=2a, aB=d>—b, a—B=2Vb (1.4)

2. Generating Functions of {/,}
Let us solve second order linear recurrence by method of generating function.
Let sequence of integer {l,} defined as follows:

lnyo — 2al,1 + (> = b)l, =0 n >0, (2.1)

where [p = 2, and [; = 2a.

Theorem 2.1. Generating function of sequence of integer {l,} is given by

00 Al
= 2.2
2=, 22)

where A; = 2(1 — az) and By = 1 — 2az + (a® — b)2?.
Proof. Multiplying 2™ on both the sides of (2.1) and taking sum from 0 to co.

i oz — 2a i 2™ + (a® = b) i l,z" =0
n=0 n=0 n=0

|, , 20 | =, ,
?[ZOZ”:C —lo—llx] —?lzolnx — Iy

ilnx" = 9(z) (2.3)

+(a® =b) Y " =0
n=0

1 —2ax + (a? — b)a?]’
where g(x) = ly + (I; — 2alp)x.

Now since [1—2az+(a*—b)z?] Z l,x™ = g(z) solving and neglecting terms contains
n=0
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second and higher power of x. Putting g(x) or alternatively putting initial values
n (2.3)

i lyz" = 201 - az) (2.4)

1 —2ax + (a® — b)z?

Now we proceed to ﬁnd some more generating functions of {l,}.
Let F(x Zlnx = — Where Ay =2(1 —ax) and By = 1 — 2ax + (a® — b)2?

Then

A
Z L™ = SRSV N Z lpix™ = — {gl - 2} Since [l =2
1

- p
Zlnﬂxn = §1 where P; = 2a—2(a*~b)z and B, = 1—2ax+(a®—b)x?. (2.5)
1

n=0

S 1 = 1[P
Again Z o™ = p [Z 12" — 11] = Zln+2$n = [gl —1 ]
n=0 n=0 1

P
Z lpiox™ = p {—1 - Qa} Since I} = 2a

1

E P
Zln+2x” = gz where P = 2(a* + b) — 2a(a® — b)x. (2.6)
— 1
. - n P _ 2
So in general Zln+kx = — where P, =1 — (a®—b)lj_1z. (2.7)
n=0 Bl

Particular Cases. Now on setting value of a and b in (2.4) to (2.6)
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Generating Function of Lucas
Sequence

On setting a=%= 3=%

Generating Function of
Jacobsthal - Lucas Sequence

On setting a:%: b:%

Generating Function of Pell-
Lucas Sequence
On setting g=1 5=2

S 2- : 2- 2 21~
Zﬂﬂxﬂz—x, 3. xt = X 30, 1" - (1 ‘6)1
o) (1—x—x7) ] (1-x-2x7) i (1-2x-x7)
2 1+ 2x 2. 1+ 4x =l 2(1+x)
Lax"=—2%_ X =HE o, = 2=
g; . (1—x—x7) ; T t-x-2xD) g’“*‘ (1-2x—x7)
= 3+x - 5+ 2x = 6+2x
L  x"=—" " o X = Q.. x" =
; . (1-x-x") ;-J”" (1-x-2x7) ;\“’*‘ (1-2x-x%)

3. Generating Functions of {I?}
In this section, again using same method we will find generating functions of

{I2}

Theorem 3.1. Generating functions of sequence of integer {I2} is given by

oo . A
Zlix :é,

n=0

(3.1)

where Ay = 4—4(2a® +b)x +4a*(a® — b)z? and By = 1— (3a®> +b)x + (a* —b)(3a® +
b)z? — (a® — b)3a3.

Proof. To find p'* order generating function for {l,} we have to expand {/?}
by the Binomial theorem for which we will use (1.2). This gives {{?} as a linear
combination of o™, o*®=Dg"  a"pMP—1) g7 So this generating function has
denominator as (1 — a?z) (1 — a?~!fx)...(1 — aBfP~'z) (1 — fPx). Hence to find
second order generating function for {l,,} we have to expand {/>} by the Binomial
theorem for which we will use (1.2). So that we can express as linear combination of
(a—B)*(1—a?z)(1—3%z)(1—afx) and using (1.4) we get denominator of generating
functions for {l,} as By =1 — (3a* + b)x + (a® — b)(3a® + b)z? — (a*® — b)32>.
Consider

o0

g(z)

n=0

l2 n _
D "= (32 + D)z + (a% — b)(3a2 + b)22 — (a2 — b)*z?

(3.2)

g(x) = [1 = (3a® + b)x + (a® — b)(3a® + b)a® — (a® — b)’2®] Y 122"
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Considering power of x up to two and neglecting higher powers
g(x) = 4 — 4(2a* + b)x + 4a*(a* — b)z?

Substituting value of g(x) in (3.2) we get required result. Now we proceed to find
some more generating functions of {I2}.

Let Fi(x ZZQ " = 22 where Ay = 4 — 4(2a® + b)z + 4a*(a® — b)z* and

By =1 — (3a? —i—b)x—i—(a —b)(Sa +b)x? — (a* — b)*>z3. Then
n Ay :
Z 22" = :> Z 22" == E — 4| Since [y =2

sz "= 22 where Q,=4a®—4(2a" — b — b))z +4(a® —b)’z%.  (3.3)

Agaln

Zln—i-Qx = _ ! [Z ln+1917 %] = Zln+2x = é [% - lf]
Zln+2:c" {QQ —da } Zaner (3.4)

where Q3 = 4a* — (a* — b)(3a® + b)z + (a® — b)3z?
Particular Cases. On setting value of a,b in (3.1), (3.3) and (3.4).

Generating Function of Lucas Generating Function of Generating Function of Pell-

Sequence Jacobsthal-Lucas Sequence Lucas Sequence
On setting a=%= 3;:% On setting a=%= 3;=% On setting a=1, b=2

=, 4-Tx—x* = 4-11x—2x = 4-16x—4x"

ZL;.‘CH=;1Y: it ——/———— 20— ———

par (1-2x—-2x" +x7) = (1-3x-6x +8x) P (1-35x—5x"+x)

LI - _ 1 - LM —1? 1 = 2

Z 3" = 1+7x -’_l:_‘c : ZJ};-l n_ 1+22x 13_1 : O "= 4+16x—4x°

P (1-2x-2x"+x) (1-3x—6x" +8x") o (1-3x—35x% +x%)

= 9-2x =, 25— 26%—8x’ = 36+ 16x —4x?

NI, Sk D e gro 3016 —4C

pror ( —2x—2x+x) = 1-3x—6x" +8x) P (1-5x-3x"+x)
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4. Generating Functions of {I3}
In this section, again using same method generating functions of {I2>} is ob-
tained.

Theorem 4.1. Generating function of sequence of integer {I3} is given by

= A
Zlgggn = 3#3’ (4.1)
n=0 3

where A3 = z + 4a(a® — b)x* + (a® — b)*>z® and

B3 = 1—4a(a®+b)x + (6a® +2a*b — 6a*b* — 2b%) 2% — (4a° + 8a3b> — 8a’b — 4ab*)2® +
(a'? 4 5 + 15a®0? + 15a*b* — 200503 — 6a'°b — 6a2b°)x*

Proof. To find third order generating functions for {I3} we have to expand {i3}
by the Binomial theorem for which we will use (1.2). Consider

o

Z l3xn — g<I>
il 1 —4a(a® 4 b)x + (6a5 + 2a*b — 6a2b? — 2b3)x2—

(4a° +8a’b® — 8a"b— 4ab*)z® + (a'? +b° 4+ 15a%b* + 15a*b* — 20a°6* — 6a'°b — 6a%b°) z*

(4.2)
g(z) = [1 — 4a(a® + b)z + (6a° + 2a*b — 6a%0? — 2b%)2* — (4a® + 8a3V® — 8a’b —
4ab*)z® + (a'? + b° + 15a%0? + 15a*b* — 20a°® — 6a'°b — 6a%0°)z*] Y02 [3am
Considering power of x up to three and neglecting higher powers

g(x) = 8—8a(3a®+4b)x +8(3a’® — b* — 3a®b* +a'b)x? — 8(a’ — a®b* — 3a"b+ 3a°b?) 2

Substituting value of g(x) in (4.2) we get required result. Now we proceed to find
some more generating functions of {13 }.

Let
= A
_ 3.n __ 3

Fy(z) = ;lnx =B,
where A3 = 8—8a(3a?+4b)x+8(3a%—b*—3a*b*+a'b)x*—8(a’—a®b®—3a"b+3a°b?) a3
and
Bz = 1—4a(a®+b)x + (6a° +2a*b — 6a%b* — 2b3)x? — (4a° + 8ab® — 8a"b — 4ab*) x> +
(a'? 4 0% + 15a%* + 15a*d* — 20a°0® — 6a'°b — 6a0°)x?
Then

A
Zlnﬂx :> Z oo == {gz - 8] Since [y =2
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Z Boa" = (4.3)
where R3 = 8a® — 8(3a® + a*b — 3a262 - b3)91: + 8(3a® + 9a%h® — 5a"b — 3a°bh* —

4ab®)x? — 8(a'? + b5 + 15a8b* + 15a*b* — 20a°0® — 6a'b — 6a?b°) 2>
Again

Z ln+2x

> 1 [Rs
%lﬂ_j:Z%ﬂ:ﬂa”ﬂ

Zln+2x” — {% —8a } Zln+2x —4 Since [} = 2a (4.4)

where Ry = 8(a + 0% + 3a*b* + 3a'b) — 8(3a — 11a36® + 7a™b — 3a®b* + 4ab*)z +
8(3a'? — 1% — 15a%* — 19a*b* + 28a°0® — 2a'°b + 6a2b°)x? — 8(a'® + a®0® + 15a™0? +
15a7b* — 20a°0® — 6a'3b — 6a°b°) 23

Particular Cases: Now setting value of a, b in (4.1), (4.3) and (4.4).

Generating Function of Lucas Generating Function of Generating Function of Pell-
Sequence Jacobsthal-Lucas Sequence Lucas Sequence
On setting 5= // h= (3/ On setting a=/lz£= 3;=% On setting g=1 5=2
2 s 2 - = 8—30%—120x" +8%° g §—88c—120c + 8%
SE - 2 Spre—— T 0 = —
= 1-%r—6x" +3° = 17 = 1-5x =300 =400 <64 ur 11230 =12 +x
= . 1-2x—x" g 1-120c-312x" -512¢ = 3 8+120c—88x" —8&¢
i X = : : O, X" = - -
E T W - Zf T 1-5x-30F <400 + 641 E—*‘ 126302 +12¢ +¢°
= . P = . 125-282x 5527 —64¢ @ 3 2164152 —1047 -8
Pt o | e | S ——
= 1-3x—6x + 3¢ +x = 1—5x—30" =40y + 64 s 1-12 =30 +12x¢ +x
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